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1 Introduction 
Predicting the failure of materials and structures due to crack nucleation and propagation is crucial for 
many engineering applications. As a result, several numerical frameworks have been developed to 
capture complex fracture phenomena. Finite element methods (FEM) are often employed in 
conjunction with models based on linear elastic fracture mechanics. In contrast to methods that 
represent cracks as discrete curves or surfaces of discontinuity, the phase-field approach (PFM) 
models cracks with a spatially diffuse fracture zone using an additional continuous field variable, 
referred to as the phase-field coefficient. This coefficient is used to degrade the material's elastic 
stiffness and stress-carrying capacity. The phase-field fracture approach naturally captures the 
emergence of complex crack patterns and behaviour, including crack nucleation, turning, branching, 
and intersecting in both two and three dimensions without requiring any additional constitutive 
assumptions. Due to this feature, phase field models have been extensively utilised to simulate an 
array of brittle fracture problems (Bourdin 2007), and crack growth in rock and rock-like materials 
(Zhao et al. 2023). 

In this study, we propose a phase-field model for simulating brittle fractures developing at different 
externally applied strain rates in granite containing pre-existing (micro-) cracks. We applied the 
principal stress criterion as driving force in the evolution equation of the conventional phase-field 
model (CPFM) presented by Miehe (2010a) and simulated the fracture process in COMSOL 
Multiphysics. The terms ‘fracture’ and ‘crack’ are used synonymously. 

1.1 Phase field formulation 
We consider an elastic body Ω ⊂ 𝑅ௗ with 𝑑 ∈ ሼ1,2,3ሽ representing the spatial dimensions as illustrated 
in Fig. 2c. The external boundary and the internal discontinuity set of this elastic body are denoted as 𝛿Ω and Γ, respectively. The phase-field method is typically employed by integrating a variational 
approach, which necessitates the fracture energy ψ୤ to be derived from the stored elastic energy ψக (Miehe et al. 2010a). Fracture propagation can be conceptualised as a process that minimises the 
energy functional ψ(௨,୻) according to ψ(௨,୻) = ׬ ψ(க(𝒖),ఝ) dΩΩᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥந಍  + ׬ Gc dΓ୻ᇣᇧᇤᇧᇥந౜ ׬ −  𝐵(௫,௧). 𝒖dΩ − ׬ 𝑇(௫,௧). 𝒖 𝑑 ∂Ω୲பΩ౪Ωᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ୛౛౮౪

,            (1) 

where 𝒖, 𝐺c, Wୣ୶୲, 𝐵, 𝑇, and 𝜑 represent the displacement field, the critical strain energy release rate, 
the external work, the body force, the surface traction, and an auxiliary field, 𝜑(𝑥, 𝑡) ∈ ሾ0,1ሿ (with 𝑥 
being a position vector), known as the phase field. This phase field is employed to diffuse the crack 
surface over the domain Ω as depicted in Fig. 2d. Consequently, in the regularised model, the phase 
field 𝜑 assists in smoothing out discontinuities, facilitating the numerical treatment of fractures 
according to 

𝜑 = ൜ 0     if material is intact 1     if material is fully cracked. (2) 

Then, by combining equations (1) and (2), and by substituting Wୣ୶୲ with the external crack driving 
stress 𝜎ext, and ψ୤ with critical stress 𝜎c, the phase-field fracture driving force relies on the principal 
stress criterion concept 𝐷, 

𝐷 =  𝜉 〈ቀఙextఙc
ቁଶ − 1〉,                                     (3) 

where 〈∓〉 is the Macaulay bracket, and 𝜉 is the material factor, a dimensionless parameter greater 
than zero that triggers the activation of damage due to the elasto-plastic contribution and governs the 
post-nucleation behaviour of cracks. 

1.2 Effect of phase-field parameters on simulation results 
To evaluate the effects of different phase-field parameters on simulation results we performed a set of 
numerical simulations of uniaxial deformation experiments in a medium with two pre-existing flaws 
(Fig.1). 

1.2.1 Critical stress 𝝈c 
An increase in external stress is accompanied by a gradual increase in stress at crack tips (Fig. 1a); 
Therefore, at a certain point, a critical stress level, 𝝈c, is reached, beyond which the driving force, D, 
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becomes equal to 1. By decreasing the critical stress, the fracture propagation starts earlier (Fig. 
1b).The critical stress 𝝈c can be determined by calibrating the crack initiation threshold (𝝈ci) that is 
assumed to be proportional to experimentally determined fracture toughness.  

1.2.2 Material factor 𝝃 
With a further increase in external stress by following a particular slope, 𝝃, according to Equation (3), 
the crack propagates. The high rate of fracture propagation exhibits a rapid increase for high values of 𝝃, whereas low propagation rates are observed for small values of 𝝃 and therefore, 𝝃 controls the 
brittleness. Considering that 𝝃 governs the behaviour of the phase field fracture following thecritical 
crack initiation point,𝜎ci, it can be stated that in samples containing two or more joints (Fig. 1c), 𝝃 can 
be defined by calibrating the slope of the stress-strain diagram in stable crack growth or the crack 
initiation stress to crack coalescence stress ratio, 𝜎cd. 

1.2.3 Length scale 𝒍𝒄 
Although Miehe et al. (2010a) noted that the response of equation (3) is independent of the internal 
length scale, 𝒍𝐜, determining its correct value affects the mechanical behavior of fractures by 
controlling the size of the regularisation zone (Fig. 1d), and the modelling cost by adjusting the finite 
elements mesh size (Molnar et al. 2020). According to Miehe et al. (2010b), 𝒍𝐜 is a function of the 
finite element mesh size and previous studies have calculated the length scale according to the set 
mesh size, ℎ୫ୣୱ୦, through 𝑙ୡ ≥ 2ℎmesh. 

 
Fig. 1 Effect of phase-field coefficients on fracture propagation applying the CPFM in a numerical simulation of a uniaxial 
deformation experiment of a medium with two flaws with 45° inclination: (a) reference simulation, (b) effect of critical 
stress, (c) effect of material factor,(d) effect of length scale. 

2 Material, model configuration and calibration 
Numerical models were developed to replicate the laboratory experiments performed on granite 
specimens (samples from Padang quarry, China; Witte et al. 2025) within this study. The cylindrical 
specimen has an idealised dimension of 40 mm in diameter and 80 mm in length (Fig. 2a). For the 
time-dependent study used in CPFM, loading was applied with a controlled strain rate ranging from 
1∙10-3 to 1∙10-6 s-1, corresponding to a displacement rate of 0.08∙10-3 to 0.08∙10-6 mm s-1. The geometric 
configuration of the models as well as the boundary conditions and microcracks are illustrated in Fig. 
2a. Monitoring points were evenly distributed to capture a comprehensive view of the axial stress 
distribution. The average of these recorded values served as a representative measure of axial and 
lateral stress and displacement. The purpose of the calibration of the CPFM was to align its key 
parameters, i.e., uniaxial compressive strength (UCS) and Young’s modulus, with the laboratory 
results. The micro-parameters of the model can be categorised into three groups, including those 
associated with crack geometry, i.e., crack length, 𝐿 (1 mm), and crack density (5cm-2), elastic 
properties of minerals, i.e., Young’s modulus (55 GPa), Poisson`s ratio (0.3) and bulk density 
(2650 kg m-3), and phase field damage parameters, i.e., critical fracture stress, 𝜎c (MPa), material 
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factor, 𝜉, and internal length scale, 𝑙ୡ (0.2 mm). The external stress, 𝜎ext (MPa), was calculated from 
the maximum stress at macroscopic failure. Fig. 2c shows the calibration procedure flow chart for 
CPFM parameters. The basic model (with a strain rate of 1∙10-5 s-1) was calibrated first using the 
experimentally obtained micro-parameters for further modelling with different strain rates and under 
different boundary conditions. The results of the parameter calibration are summarised in 0. 

 
Fig. 2 (a) uniaxial compressive strength test model, (b) free triangular mesh, (c) pre-existing and new cracks in displacement 
field, (d) new existing crack in the phase field model, (e) flow chart of CPFM parameter calibration. 

3 Simulation results 
The results of the UCS basic model are depicted in Fig. 3. The CPFM effectively represents various 
stages of the fracturing process (c.f. Bieniawski 1967). These phases include the linear elastic 
response, initiation of cracks, stable crack propagation, coalescence and unstable crack propagation, 
and eventually macroscopic failure. However, certain aspects observed in laboratory experiments, 
such as crack closure and post-peak behaviour, could not be simulated. For calibration, all parameters 
were adapted from the basic model, with adjustments made only to the critical stress 𝜎௖ and the 
material factor 𝜉. As shown in Fig. 4 and 0, the yield stress and the number of fractures increase with 
increasing strain rate, while the total fracture length decreases. 

Table 1. Comparison of numerical and experimental results for UCS tests at difference strain rates. 

Strain rate (s-1) 
Calibration results Simulation 

results 
(MPa) 

Experimental 
results 
(MPa) 

Accuracy 
(%) Critical stress, 𝝈𝒄 (MPa) 

Material 
factor, ξ (-) 

1 ∙ 10-6 77 0.1 216 213 ± 20 98 
1 ∙ 10-5 80 0.13 227 225 ± 17 99 
1 ∙ 10-4 85 0.21 242 243 ± 18 99 
1 ∙ 10-3 100 1.8 258 259 ± 18 99 
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Fig. 3 Stress-strain curves of basic model of CPFMincluding crack initiation, macroscopic failure and post failure. 

4 Discussion 
Two key aspects are aimed at in simulating rock mechanics experiments in this study: (1) achieving 
numerical results that closely match experimental findings, and (2) capturing accurately the fracture 
pattern, fracture growth, and coalescence that represents the correct stress distribution within the 
model. The first objective is achieved through parameter calibration, the second by modelling the 
microstructure. 0 compares the simulation results with experimental data, demonstrating that the first 
objective has been successfully met. In line with the second objective, Fig. 4 illustrates the effect of 
strain rate on the tensile-to-shear stress ratio in the numerical uniaxial test. As the strain rate increases, 
this ratio rises, leading to a larger region governed by the tensile stress mechanism. This behaviour 
aligns with experimental observations, where tensile fractures occur. While the simulated overall 
fracture pattern compares well with the microstructural observations, some quantitative 
microstructural properties of uniaxially deformed granite specimens do not closely agree with the 
numerical simulation results. We formulate the thesis that part of the discrepancy may be due to the 
free lateral motion in uniaxial experiments. Further investigations, in particular under triaxial 
deformation conditions, should complement the present results and test the formulated thesis. 

5 Conclusion 
This study explored the effect of time scale on the mechanical behaviour of Padang granite through 
conventional phase-field fracture modelling (CPFM) using COMSOL Multiphysics. CPFM enables 
precise simulations and analysis of rock mechanical behaviour by considering the response of multiple 
pre-existing cracks in rock specimens and investigating the relation between rock mechanical 
parameters and phase-field numerical parameters. This study emphasises the importance of 
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incorporating microstructural features to simulate strain rate effects in numerical simulations for a 
more comprehensive understanding of rock mechanics and failure mechanisms. These insights can 
enhance the design and interpretation of mechanical tests in geomechanical applications and help to 
develop temporal and spatial upscaling approaches. 

 
Fig. 4 Tensile to shear elements ratio after macroscopic failure in UCS tests at different strain rates and snapshots of the 
macroscopic failure pattern in numerical UCS tests at different strain rates: (a) strain rate 1∙10-6 s-1, (b) strain rate 1∙10-5 s-1, 
(c) strain rate 1∙10-4 s-1, (d) strain rate 1∙10-3 s-1. 

Aspects of this work have been performed within the projects BeNuQuA (funding by SSM, Sweden) 
and AGENS (funded by the German Federal Ministry for Economic Affairs and Energy). We would 
like to thank for supporting our research. 
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