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Previous studies on LRC mechanics, analytical solutions for elliptical openings, and experimental 
investigations consistently highlight the strong influence of geometry, loading conditions, and internal 
pressure on stress distribution and stability (Damasceno et al., 2023; Masoudi et al., 2024; Leong et 
al., 2025; Patel & Desai, 2020; Zhao et al., 2021).This problem is grounded in classical elasticity. For 
three-dimensional ellipsoidal openings, Lukić et al. (2009) derived convergent series solutions, while 
Chiang (2015) demonstrated systematic dependence of stress concentration on shape ratios and the 
non-trivial link between two- and three-dimensional behaviour. Yin et al. (2022) further showed 
sensitivity to loading and boundary conditions. Together, these studies confirm that boundary stresses 
in ellipsoidal openings are strongly geometry-dependent and cannot be reliably inferred from 
simplified two-dimensional analogies. 

At the applied level, numerical studies show that depth, aspect ratio, and internal pressure jointly 
control whether stresses remain compressive or become tensile. Uotinen and Rinne (2025) showed that 
unpressurised caverns favour oblate geometries, whereas pressurised caverns shift towards prolate 
forms, with tensile stresses increasing rapidly at insufficient depth. This highlights a gap between 
exact three-dimensional solutions, which are rigorous but cumbersome, and numerical modelling, 
which is flexible but computationally intensive. In early-stage design, this gap limits exploration of 
large parameter spaces. Analytical approximations, if sufficiently accurate, enable near-instant 
evaluation and systematic parameter sweeps, offering speedups of 1000x – 10 000x compared to 
numerical modelling. 

Classical solutions such as Kirsch and Inglis provide useful benchmarks but do not extend directly to 
finite three-dimensional caverns. This study addresses the gap by estimating boundary stresses in 
ellipsoidal openings through superposition of Inglis-type solutions aligned with the principal axes, 
with the third stress component obtained from equilibrium with internal pressure. The approximation 
is exact at the principal-axis intersections and approximate elsewhere, and its accuracy is evaluated 
against three-dimensional numerical models under stress conditions representative of Finnish 
crystalline bedrock. 

2 Methods 
In this paper two analysis methods are used: numerical modelling using the finite element method 
using Comsol Multiphysics 6.4 software to approximate the boundary stresses around ellipsoid 
openings and superposition of analytical 2D solutions to construct an approximation of the stress state. 
For both analysis cases, the shape of the cavern is approximated with an ellipsoid with subradii 𝑟௫along 
X-axis, 𝑟௬ along y-axis, and 𝑟௭along Z-axis (Fig. 1). The X-axis is oriented along the major in-plane 
stress 𝜎𝐻, Y-axis along the minor horizontal stress 𝜎ℎ, and the Z-axis along the vertical stress 𝜎𝑉. 

The method assumes linear elasticity, homogeneity, and isotropy. The superposition is exact only at 
principal-axis intersections and approximate elsewhere. The reprojection and pressure correction 
factors are empirically fitted over a limited height to width aspect ratio range of 1:5 to 5:1. Pressure 
effects are not derived analytically and are therefore less rigorous than far-field stress estimates. 

2.1 Initial data 
For the purposes of testing, typical values for material parameters in Finland (Table 1) and a typical 
coastal stress state (Table 2) at a depth of zmeters from the Olkiluoto island in Finland are used. 

Table 1. Material parameters.  Table 2. Stress field. 
Parameter  Value  Parameter  Value 
density [kg/m3] ρ 2700  vertical stress [MPa] 𝜎௏ 0.26487 ⋅ z 
Young’s modulus [GPa] 𝐸 40  major horizontal stress [MPa] 𝜎ு 13.0 + 0.031 ⋅ z 
Poisson’s ratio [1] 𝜈 0.25  minor horizontal stress [MPa] 𝜎௛ 8.5 + 0.024 ⋅ z 

2.2 Classical 2D solutions 
Classical linear-elastic solutions provide the baseline for estimating stress concentrations around 
underground openings. The Kirsch (1898) solution describes stresses around a circular hole in an 
infinite plate and shows that tangential stress at the boundary varies with angle, reaching a maximum 
of three times the far-field stress under uniaxial loading. The Inglis (1913) solution extends this to 
elliptical openings with horizontal subradii 𝑟௫ and vertical subradii 𝑟௭, introducing explicit dependence 
on aspect ratio (𝑟௭/𝑟௫) and demonstrating that stress concentration increases with elongation, 
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approaching crack-like behaviour for highly prolate geometries. These solutions establish that 
boundary stresses are strongly geometry-controlled even under simple loading. Table 3 shows the 
solutions for the tangential stress in the roof and wall for both formulas as a function of the horizontal 
stress (𝜎ℎ) and the vertical stress (𝜎𝑣). 

However, both Kirsch and Inglis formulations are inherently two-dimensional and assume an infinite 
elastic medium with uniform far-field stress. They do not account for variation along the cavern axis, 
finite length effects, or general three-dimensional stress states, and there is no direct closed-form 
extension to arbitrary ellipsoidal cavities suitable for design use. Consequently, while these solutions 
are valuable for benchmarking and rapid scoping, their direct applicability to finite three-dimensional 
caverns is limited. 

Table 3. Boundary stresses for roof and wall using the analytical solutions. 
Tangential stress at Kirsch 1898 Inglis 1913 
roof 𝜎௥௢௢௙,௄ = 3𝜎௛ − 𝜎௩ 𝜎௥௢௢௙,ூ = 𝜎௛ ൬1 + 2 𝑟௭𝑟௫൰ − 𝜎௩ 

wall 𝜎௪௔௟௟,௄ = 3𝜎௩ − 𝜎௛ 𝜎௪௔௟௟,ூ = 𝜎௩ ൬1 + 2 𝑟௫𝑟௭൰ − 𝜎௛ 

 
For the tangential stress resulting from the internal pressure, we can use the formulas 1 and 2 

roof 𝜎ణణ = 𝜎௫௫ = −𝑝௜௡௧ ൬2 𝑟௭𝑟௫ − 1൰ (1) 

wall 𝜎ణణ = 𝜎௭௭ = −𝑝௜௡௧ ൬2 𝑟௫𝑟௭ − 1൰ (2) 

Assuming plane-strain (𝜀௬௬ = 0), for the change in out-of-plane (Y) stresses we can use the formulas 

roof Δ𝜎௬௬ = 𝜈ሾሺ𝜎௫௫ + 𝜎௭௭ሻ − ሺ𝜎ு + 𝜎௏ሻሿ, 𝜎௭௭ = 𝑝௜௡௧ (3) 

wall Δ𝜎௬௬ = 𝜎ு𝜈ሾሺ𝜎௫௫ + 𝜎௭௭ሻ − ሺ𝜎ு + 𝜎௏ሻሿ, 𝜎௫௫ = 𝑝௜௡௧ (4) 

2.3 Geometric conversion from 2D to 3D 
A geometric conversion of the stress trajectories must be made to convert from a true cylinder (an 
ellipse with infinitely long aspect ratio) to a circle (1:1 aspect ratio). The trial function was selected so 
that at 0 it will result the original stress state (=0) and at infinity it will result in the Kirsch 2D solution 
(=1). The shape exponent (1.166) was fitted over the aspect ratio range from 1:5 to 5:1 height to width. 
The approximate formula is then: 

 𝜔 ቀ𝑟௜ 𝑟௝ൗ ቁ = ቀ𝑟௜ 𝑟௝ൗ ቁଵ.ଵ଺଺
1 + ൫𝑟௜ 𝑟௜ൗ ൯ଵ.ଵ଺଺ ∧ 𝑖, 𝑗 ∈ 𝑥, 𝑦, 𝑧 (5) 

2.4 Reprojected Kirsch 
A geometric reprojection of the stress trajectories can be made to convert from a true cylinder (an 
ellipse with infinitely long aspect ratio) to a circle (1:1 aspect ratio). The approximate formulae are: 

roof 𝜎௫௫ = 𝜎ு + 2𝜎ு𝜔 ቀ𝑟௬ 𝑟௭ൗ ቁ − 𝜎௏𝜔 ቀ𝑟௬ 𝑟௫ൗ ቁ (6) 

roof 𝜎௬௬ = 𝜎௛ + 2𝜎௛𝜔൫𝑟௫ 𝑟௭ൗ ൯ − 𝜎௏𝜔 ቀ𝑟௬ 𝑟௫ൗ ቁ (7) 

wall (X) 𝜎௭௭ = 𝜎௏ + 2𝜎௏𝜔 ቀ𝑟௬ 𝑟௫ൗ ቁ − 𝜎ு𝜔 ቀ𝑟௬ 𝑟௭ൗ ቁ (8) 

wall (X) 𝜎௬௬ = 𝜎௛ + 2𝜎௛𝜔 ቀ𝑟௬ 𝑟௫ൗ ቁ − 𝜎ு𝜔 ቀ𝑟௬ 𝑟௭ൗ ቁ (9) 

2.5 Reprojected Inglis 
A geometric reprojection of the stress trajectories can be made to convert from a true cylinder (an 
ellipse with infinitely long aspect ratio) to a circle (1:1 aspect ratio). The approximate formulae are: 

roof 𝜎௫௫ = 𝜎ு + 2൫𝑟௭ 𝑟௫ൗ ൯𝜎ு𝜔 ቀ𝑟௬ 𝑟௭ൗ ቁ − 𝜎௏𝜔 ቀ𝑟௬ 𝑟௫ൗ ቁ (10) 

roof 𝜎௬௬ = 𝜎௛ + 2 ቀ𝑟௭ 𝑟௬ൗ ቁ 𝜎௛𝜔൫𝑟௫ 𝑟௭ൗ ൯ − 𝜎௏𝜔 ቀ𝑟௬ 𝑟௫ൗ ቁ (11) 
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wall (X) 𝜎௭௭ = 𝜎௏ + 2൫𝑟௫ 𝑟௭ൗ ൯𝜎௏𝜔 ቀ𝑟௬ 𝑟௫ൗ ቁ − 𝜎ு𝜔 ቀ𝑟௬ 𝑟௭ൗ ቁ (12) 

wall (X) 𝜎௬௬ = 𝜎௛ + 2 ቀ𝑟௬ 𝑟௭ൗ ቁ 𝜎௛𝜔 ቀ𝑟௬ 𝑟௫ൗ ቁ − 𝜎ு𝜔 ቀ𝑟௬ 𝑟௭ൗ ቁ (13) 

2.6 Internal pressure stress intensity factor 
For the boundary stresses induced by the internal pressure in 3D ellipsoids, no geometrical conversion 
applies. Instead, a stress intensity factor must be defined as a function of the aspect ratio. The 
correction factors were fitted over the aspect ratio range from 1:5 to 5:1 height to width: 

roof 𝜎ణణ = 𝜎௫௫ = 𝜎௬௬ = − 𝑝௜௡௧2 𝐾௥௢௢௙ ቀ𝑟௜ 𝑟௝ൗ ቁ (14) 

wall 𝜎ణణ = 𝜎௫௫ = 𝜎௬௬ = − 𝑝௜௡௧2 𝐾௪௔௟௟ ቀ𝑟௜ 𝑟௝ൗ ቁ (15) 

and the stress intensity factor estimates are 

roof 𝐾௥௢௢௙ ቀ𝑟௜ 𝑟௝ൗ ቁ = 1 + 1.2626𝑙𝑛 ቀ𝑟௜ 𝑟௝ൗ ቁ − 0.07162 ቂ𝑙𝑛 ቀ𝑟௜ 𝑟௝ൗ ቁቃଶ − 0.11414 ቂ𝑙𝑛 ቀ𝑟௜ 𝑟௝ൗ ቁቃଷ
 (16) 

wall 𝐾௪௔௟௟ ቀ𝑟௜ 𝑟௝ൗ ቁ = 1 + 1.8134𝑙𝑛 ቀ𝑟௜ 𝑟௝ൗ ቁ − 0.29796 ቂ𝑙𝑛 ቀ𝑟௜ 𝑟௝ൗ ቁቃଶ − 0.04647 ቂ𝑙𝑛 ቀ𝑟௜ 𝑟௝ൗ ቁቃଷ
 (17) 

3 Results 
Several tests were conducted to compare the FEM and the superposition approach. The sanity checks 
were done without internal pressure for an ellipsoid with circular shape in XZ and YZ planes. Later, a 
series of aspect ratios ranging from 1:5 to 5:1 height-to-width were compared with FEM solutions. 

3.1 Verification against 2D solutions 
As a baseline, the analytical implementation was first verified against classical Kirsch and Inglis 
solutions in limiting two-dimensional cases. The results calculated at centroid of ellipsoid at z = -100 
m (𝜎𝐻 = 16.1 MPa, 𝜎ℎ = 10.9 MPa, 𝜎𝑉 = 2.6 MPa) are for Kirsch and Inglis:  
 
Table 4. In XZ-plane (along major stress𝜎ு). 
Tangential stress at Kirsch 1898 Inglis 1913 FEM 
roof (𝜎௫௫) 45.7 MPa 45.7 MPa 45.6 MPa 
roof (𝜎௬௬, Eq. 3) 17.7 MPa (10.9 + 6.8) 17.7 MPa (10.9 + 6.8) 17.6 MPa 
wall X (𝜎௭௭) -8.3 MPa -8.3 MPa -8.3 MPa 
wall X (𝜎௬௬, Eq. 4) 4.2 MPa (10.9 - 6.7) 4.2 MPa (10.9 - 6.7) 4.2 MPa 
 
Table 5. In YZ-plane (along minor stress𝜎௛). 
Tangential stress at Kirsch 1898 Inglis 1913 FEM 
roof (𝜎௬௬) 30.1 MPa 30.1 MPa 30.1 MPa 
roof (𝜎௫௫, Eq. 3) 20.3 MPa (16.1 + 4.2) 20.3 MPa (16.1 + 4.2) 20.2 MPa 
wall Y (𝜎௭௭) -3.1 MPa -3.1 MPa -3.1 MPa 
wall Y (𝜎௫௫, Eq. 4) 11.9 MPa (16.1 – 4.2) 11.9 MPa (16.1 – 4.2) 12.0 MPa 
 
Table 6. In XZ-plane (along minor stress𝜎௛), with internal pressure of 𝑝௜௡௧ = 20 MPa. 
Tangential stress at Kirsch 1898 Inglis 1913 FEM 
roof (𝜎௫௫) 25.7 MPa 25.7 MPa 45.6 MPa 
roof (𝜎௬௬) 17.7 MPa 17.7 MPa 17.6 MPa 
wall X (𝜎௭௭) -28.3 MPa -28.3 MPa -8.3 MPa 
wall X (𝜎௬௬) 4.2 MPa 4.2 MPa 4.2 MPa 

3.2 Spherical cavity 
For a spherical cavity without internal pressure, the reprojected analytical solution provides a close 
approximation of the FEM results (Table 7). At the roof, the analytical stresses of 30.9 MPa and 20.5 
MPa compare well with FEM values of 31.7 MPa and 21.6 MPa, corresponding to errors of 
approximately 3-5%. At the wall, the analytical estimates also remain within 10 % of the numerical 
results. This indicates that the superposition and reprojection approach captures the three-dimensional 
redistribution of far-field stresses accurately for symmetric geometries. 
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When internal pressure of 20 MPa is introduced, the agreement remains acceptable for the spherical 
case. The analytical solution predicts roof stresses of 20.9 MPa and 10.5 MPa compared to FEM 
values of 21.7 MPa and 11.6 MPa, corresponding to errors of approximately 4-10% (Table 8). At the 
wall, the agreement is similarly good for the dominant stress component, although deviations increase 
for the secondary component. 

Table 7. Spherical cavity, with internal pressure of 𝑝௜௡௧ = 0 MPa. 
Tangential stress at Reprojected Kirsch Eqs. 6-9 Reprojected Inglis Eqs. 10-13 FEM 
roof (𝜎௫௫) 30.9 MPa (-3 %) 30.9MPa  (-3 %) 31.7 MPa 
roof (𝜎௬௬) 20.5 MPa (-5 %) 20.5 MPa (-5 %) 21.6 MPa 
wall X (𝜎௭௭) -2.9 MPa (-7 %) -2.9 MPa (-7 %) -3.5 MPa 
wall X (𝜎௬௬) 13.8 MPa (+9 %) 13.8 MPa  (+9 %) 12.7 MPa 
 
Table 8. Spherical cavity, with internal pressure of 𝑝௜௡௧ = 20 MPa. 
Tangential stress at Reprojected Kirsch Eqs. 6-9 Reprojected Inglis Eqs. 10-13 FEM 
roof (𝜎௫௫) 20.9 MPa (-4 %) 20.9 MPa (-4 %) 21.7 MPa 
roof (𝜎௬௬) 10.5 MPa (-10 %) 10.5 MPa (-10 %) 11.6 MPa 
wall X (𝜎௭௭) -12.9 MPa (-4 %) -12.9 MPa (-4 %) -13.5 MPa 
wall X (𝜎௬௬) 3.8 MPa (+35 %) 3.8 MPa (+35 %) 2.8 MPa 

3.3 Ellipsoid caverns 
For no internal pressure (𝑝௜௡௧ = 0 MPa, Eqs. 10 & 12), the fits reproduce the overall trend but with a 
systematic bias. Roof stresses are captured within 2-4 MPa (max. 5 MPa), while wall stresses show 1-
3 MPa deviations, with larger relative errors near the zero-crossing due to small magnitudes (Fig. 1). 

For internal pressure of 𝑝௜௡௧ = 20 MPa (Eqs. 10+14& 12+15),the agreement is good. Roof stresses are 
typically within 1 MPa of the FEM results, and wall stresses within 0.5-1 MPa. Relative errors are 
generally below 5-10%, except at large aspect ratios where stresses approach zero (Fig. 2). 

Figure 1. Solutions for unpressurized ellipsoid caverns. Figure 2. Solutions for ellipsoid caverns with 20 MPa 
internal pressure. 

4 Discussion 
The method is suitable for rapid scoping of far-field effects. For pressurised caverns, it captures trends 
but requires calibrated factors or numerical modelling for design. Superposition of Inglis-type 
solutions with geometric reprojection provides a consistent approximation for boundary stresses under 
far-field loading. For spherical and moderately elongated geometries, the method reproduces FEM 
results with acceptable accuracy, indicating that three-dimensional stress redistribution can be 
approximated by reweighting two-dimensional solutions. 

For internal pressure, the behaviour deviates from this framework. While a simple scaling holds for 
spherical cavities, it does not extend to ellipsoids. The method overestimates tensile stresses at the roof 
and underestimates redistribution at the walls, with errors increasing with aspect ratio. This reflects a 
fundamental difference: far-field stresses redistribute through the rock mass, whereas internal pressure 
acts as a boundary traction governed by local curvature. As a result, pressure-induced stresses are not 
captured by superposition alone and require correction using stress intensity factors. 
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5 Conclusion 
Superposition of Inglis-type solutions with geometric reprojection provides a simple and 
computationally efficient method for estimating boundary stresses in ellipsoidal caverns under far-
field loading. The approach yields acceptable accuracy for spherical and moderately elongated 
geometries and is well suited for rapid scoping and parametric studies. Internal pressure cannot be 
represented within the same framework, as it is governed by local curvature rather than stress 
redistribution in the rock mass. Consequently, pressurised cases require calibrated correction factors or 
numerical modelling for reliable design. 
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